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KINEMATIC  PROPERTIES OF THE  HELICOPTER  IN  COORDINATED  TURNS 
Robert T. N. Chen  and  James  A.  Jeske 
Ames  Research  Center 
SUMMARY 
This  paper  describes  the  results  of  a  study on he kinematic  relationship 
of  the  variables  of  helicopter  motion in steady,  coordinated  turns  involving 
inherent  sideslip.  A  set  of  exact  kinematic  equations  which  govern  a  steady 
coordinated  helical  turn  about  an  earth-referenced  vertical  axis is first 
developed.  A  precise  and  rational  definition  for  the  load  factor  parameter 
that  best  characterizes  a  coordinated  turn  is  proposed.  Formulas  are  then 
developed  which  relate  the  aircraft  angular  rates  and  pitch  and  roll  attitudes 
to  the  turn  parameters,  angle  of  attack,  and  inherent  sideslip.  These  new 
closed-form  formulas are  then  used  for  a  detailed  evaluation  of  the  effects  of 
sideslip on the  kinematic  relationship  of  the  helicopter  in  coordinated  turns. 
Important  symmetrical  properties  that  exist  in  these  kinematic  relationships 
are  also  discussed. 
A steep,  coordinated  helical  turn  at  extreme  angles  of  attack  with  inher- 
ent  sideslip  is  of  primary  interest  in  this  study.  The  results  show  that  the 
bank  angle  of  the  aircraft  can  differ  markedly  from  the  tilt  angle  of  the 
normal  load  factor  and  that  the  normal  load  factor can  also  differ  substan- 
tially  from  the  accelerometer  reading  along  the  vertical  body  axis  of  the 
aircraft.  Generally,  sideslip  has  a  strong  influence on the  pitch  attitude  and 
roll  rate  of  the  helicopter.  The  latter  could  have  a  significant  impact on 
handling  qualities  because  of  the  direct  coupling  of  roll  rate  to  the  thrust 
of  the  main  rotor. 
The  results of the  analysis  also  indicate  that  pitch  rate  is  independent 
of  angle  of  attack  in  a  coordinated  turn  and  that  in  the  absence  of  sideslip, 
angular  rates  about  the  stability  axes  are  independent of he  aerodynamic 
characteristics  of  the  aircraft. 
INTRODUCTION 
With  the  development of armed  helicopters  for  their  expanded  roles in 
missions  such  as  ground  attack  and  air  to  air  combat,  the  question  of  helicop- 
ter  maneuverability is  receiving  increased  attention.  Better  analytical 
methods  are  needed  to  achieve  a  reliable  prediction  of  the  rotor  thrust  limits 
and  aircraft  performance,  thereby  permitting an accurate  simulation  of  the 
trajectory  and  the  orientation  of  the  aircraft in maneuvering  flight,  espe- 
cially  those  flights  involving  extreme  conditions.  Efforts  have  been  and  are 
still  being  made  (refs. 1-4) to  meet  this  need.  Improved  flight  test  tech- 
niques  are  also  needed  to  evaluate  and  substantiate  the  actual  maneuvering 
limitations  of  the  helicopter. 
Basic t o  t h e  f l i g h t  e v a l u a t i o n  of he l icopter  maneuver ing  capabi l i ty  i s  
s t eady  and  coord ina ted  tu rn ing  f l i gh t  ( r e f s .  5-6). These  maneuvers are o f t e n  
conduc ted  a long  s t eep ,  he l i ca l  descend ing  pa ths  to  achieve a h ighe r  l oad  f ac to r  
( a t  a given airspeed)  by taking advantage of  energy maneuverabi l i ty  ( ref .  2 ) .  
A l though  the  e s t ab l i shmen t  o f  k inemat i c  r e l a t ionsh ips  in  th i s  and  o the r  
maneuvering f l ight  regimes is normally a ma jo r  ob jec t ive  of t h e  f l i g h t  i n v e s t i -  
g a t i o n  f o r  a s p e c i f i c  h e l i c o p t e r  ( e . g . ,  r e f .  51, expe r i ence  has  ind ica t ed  tha t  
test d a t a  d o  n o t  c o r r e l a t e  w e l l  wi th  pred ic t ions  f rom s impl i f ied  theory .  An 
example showing l ack  o f  co r re l a t ion  wi th  r ega rd  to  the  k inemat i c  r e l a t ionsh ip  
between the bank angle and the normal load factor is  d e p i c t e d  i n  f i g u r e  1. 
Effor t s  have  been  made ( r e f s .  2 and 6)  t o  improve the  theo ry  by proper ly  
a c c o u n t i n g  f o r  t h e  i n h e r e n t  s i d e s l i p  t h a t  n o r m a l l y  exists i n  a coordinated 
t u r n  f o r  s i n g l e  main ro to r  he l i cop te r s .  Unfo r tuna te ly ,  i n  t he  deve lopmen t  of 
the  modi f ied  theory  two impor tan t  fac tors  have  here tofore  been  ignored:  
1. I n  a s t eady  coord ina ted  tu rn  abou t  an  ea r th - r e fe renced  ve r t i ca l  ax i s ,  
t h e  t ilt  o f  t h e  t h r u s t  v e c t o r  ( o r  more a c c u r a t e l y  t h e  t o t a l  aerodynamic and 
p ropu l s ive  fo rce )  o f  t he  he l i cop te r  from t h e  vertical  p l ane  con ta in ing  the  
f l i g h t  v e l o c i t y  c a n  d i f f e r  a p p r e c i a b l y  from t h e  a i r c r a f t  bank angle ,  especial ly  
i n  a s t e e p  and t i g h t  t u r n  w i t h  s u b s t a n t i a l  i n h e r e n t  s i d e s l i p .  
2. The d i f fe rence  be tween the  normal  load  fac tor  and  the  acce lerometer  
s i g n a l  a l o n g  a ver t ical  body ax i s  hav ing  i t s  o r i g i n  a t  t h e  c e n t e r  o f  g r a v i t y  
o f  t h e  a i r c r a f t  c a n  b e  s i g n i f i c a n t ,  e s p e c i a l l y  i n  a s teep  and  t igh t  coord ina ted  
turn  wi th  an  ex t reme angle  of  a t tack .  
The second fac tor  seems t o  b e  a r e s u l t  o f  a n  i m p r e c i s e  d e f i n i t i o n  of t h e  
term "normal  load factor ."  Neglect ing the above two f a c t o r s  c a n  t h e r e f o r e  
i n t r o d u c e  s u b s t a n t i a l  e r r o r s  i n  t h e  k i n e m a t i c  r e l a t i o n s h i p s  among t h e  v a r i a b l e s  
of motion i n  c o o r d i n a t e d  t u r n s ,  e s p e c i a l l y  i n  t h o s e  t u r n s  i n v o l v i n g  e x t r e m e  
f l i gh t  cond i t ions .  The re fo re ,  t he re  i s  a need to c l e a r l y  s p e l l  o u t  a set of 
exac t  equat ions  govern ing  s teady ,  coord ina ted  turns  in  order  to  provide  an  
a c c u r a t e  c a l c u l a t i o n  of trim condi t ions ,  such  as a i r c r a f t  p i t c h  and r o l l  a t t i -  
tudes and angular rates. 
Accurate knowledge of a i r c r a f t  a t t i t u d e s  is necessa ry  in  p l ann ing ,  con- 
duc t ing ,  and  in t e rp re t ing  the  f l i gh t  expe r imen t .  A more important  requirement 
(but less emphasized) i s  t h e  knowledge  of t he  angu la r  rates o f  t he  he l i cop te r  
i n  a coord ina ted  turn .  The angular  rates about  the  body axes  can  exer t  a s ig -  
nif icant  impact  on the performance and handl ing character is t ics  of t h e  air- 
c r a f t .  The e f f e c t  o f  p i t c h  rate on a l l e v i a t i o n  of s t a l l  o f  t he  main r o t o r  i s  
w e l l  known ( r e f .  7 ) .  A s  a c o r o l l a r y ,  t h e  yaw rate c a n  e i t h e r  a l leviate  o r  
aggravate  s ta l l  on  the  t a i l  ro tor ,  depending  on  the  sense  of  the  yaw rate. 
Roll rate has  a d i r e c t  c o u p l i n g  t o  t h e  t h r u s t  of ro to r  sys t ems  in  fo rward  
f l i gh t  because  o f  t he  asymmetry i n  dynamic p res su re  on the advancing and the 
r e t r e a t i n g  s i d e s  of t he  ro to r s .  Fu r the r ,  p i t ch  and  r o l l  rates s i g n i f i c a n t l y  
i n f l u e n c e  t h e  c o n t r o l  s t i c k  t r i m  p o s i t i o n  i n  a coordinated turn because of  
aerodynamic  and ine r t i a l  (gy roscop ic )  coup l ing  ( e .g . ,  r e f s .  8,  9 ,  and 10) .  
The o b j e c t i v e s  of t h i s  r e s e a r c h  are the re fo re :  (1) to   deve lop   exac t  
equat ions governing a gene ra l  s t eady ,  coord ina ted  he l i ca l  t u rn ,  ( 2 )  t o  examine 
2 
the  various definitions/interpretations of  load  factor  for  helicopters in
maneuvering  flight  and  establish  their  relationships  to  steady,  coordinated 
turns,  and (3) to  evaluate  the  effect  of  inherent  sideslip  and  other key  flight 
parameters on the  helicopter  attitudes  and  angular  rates  in  coordinated  turns. 
The  development  that  achieves  these  objectives  is  discussed in the  following 
sections,  followed  by  a  summary  of  the  results. 
KINEMATICS  OF  THE  HELICOPTER  IN  STEADY,  COORDINATED  TURNING  FLIGHT 
In  this  section  a  set  of  kinematic  equations  governing  the  helicopter  in 
a  steady,  coordinated  turn  about  a  vertical  axis  is  developed.  Throughout  the 
derivation we shall  retain  the  generality  of  the  equations  consistent  with  the 
flat-earth  approximation  (ref. 11); no  small-angle  assumptions will be  used. 
In steady,  turning  flight  (i.e., GI = ir, = 8, = 0; i, = 6 = i = 0) the 
Euler  equations  (ref. 11) reduce  to 
X = mg  sin e + m(qw - rvI) 
Y = -mg  cos 8 sin O + m(ruI - pwI) 
Z = -mg  cos 8 cos O + m(pvI - quI) 
I 
When  the  aircraft  is  making  a  steady  turn  about  an  earth-referenced  vertical 
axis  with  a  steady  turning  rate  of i ,  the  three  components  of  angular  velocity 
about  the  body  axes  of  the  aircraft  become 
p = -+ sin e 
q = i cos e sin Q 
r = i cos e cos o 
Now  replacing  the  three  force  components X,  Y, and Z along  the  body  axes in 
equation  (la)  by  the  accelerometer  readings  at  the  center  of  gravity  of  the 
aircraft,  i.e.,  nx = X/mg, ny = Y/mg, and n, = Z/mg, and  expressing  the  three 
components  of  the  flight  velocity VI by 
u = V cos c1 cos B, I I I 
I I I v = V sin B 
wI = VI sin aI cos 8, 
3 
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Equation (la),  by virtue  of (2) and  the  substitution  above,  becomes 
n = sin 0 + tan +’(sin cx cos B, cos 0 sin @ - sin B cos 0 cos @) 
n = “cos 0 sin @ + tan  $’cos B (cos cx cos 0 cos @ + sin cx sin 0 )  
n = -COS 0 cos @ - tan  @l(sinB sin 0 + cos cx cos 6, COS 0 sin @) 
X I I 
Y I I I 
Z I  I 
where 
i V ,  
tan = - 
g 
For  a  coordinated turn,  ny = 0 ,  and  the  second  equation  in  equations ( 4 )  
yields  the  following  constraint  equation 
sin 0 = tan I+~(COS a cos @ + sin a tan 0 ) c o s  BI I I ( 6 )  
Further,  the  aircraft  pitch  and  roll  attitudes 0,@, and  the  angle  of  attack 
and  sideslip are related  to  a  given  flightpath  angle y by  the  kinematic 
relationship: 
cos c1 COS 6 sin 0 - (sin B sin @ + sin cx cos 0 cos @)cos 0 = sin y I I I I I 
Note  that in steady  flight,  the  force  components X, Y, Z (or n, ny, nz)  and 
the  three  moment  components, L  M y  and N are  functions  of  the  aerodynamj,c 
flight  parameters, V, a ,  B; p, q, r, and  control  positions  (e.g., 6,, 6,, cSa, 
6p). Symbolically, 1 
with  similar  functional  relationships  for  n n,, L, M y  and N. It should be 
emphasized  here  that V,  a ,  and 0 are  related  to  air  mass;  VI,  aI,  and y 
are  related  to  earth.  Figure 2 shows  the  relationship  of  the  two  sets  of 
parameters for the case when B = 61 = 0 .  Let be the steady wind 
velocity Vw (relative to earth) as expressed  in  the  earth  referenced  axes 
xI, yI, zI. Then  the  three  components  of  the  fli  ht  velocity  (relative  to 
earth)  as  expressed  in  the  body  axes  are  given  by 
Y’ 
!? 
’For  the  steady  flight  considered here,  the  dependency  on $, 15, h has 
been  dropped. 
’The  definition  for  the  angle  of  attack  and  angle  of  sideslip  is  a  stan- 
dard  one  (ref. 11). An alternate  definition  for  the  angle  of  sideslip,  which 
is  sometimes  used in the  helicopter  technical  community, is 
We recommend  that an asterisk  superscript be assigned  for  this  particular 
definition  to  avoid  unnecessary  confusion with f3. 
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u = V cos  a COS B + Au 
v = V s i n  B + Av 





cos  0 cos Y cos 0 s i n  Y - s in  0 
0 s in  @ cos Y s i n  0 s i n  0 s i n  Y 
- cos Q s i n  Y -I- cos @ cos  Y 
0 cos @ cos Y s i n  0 cos 0 s i n  Y 
+ s i n  0 s i n  Y - s i n  0 cos Y 
and 
W 
a = tan-' - I 
I I U 
C l e a r l y ,  i n  t h c  calm a i r  s i t u a t i o n ,  VI = V ,  a1 = a, and BI = B .  Thus f o r  a 
given set of Y ,  VI, and y, t he  e l even  a lgeb ra i c  equa t ions  ( lb ) ,  ( 2 )  , ( 4 )  , ( 6 )  , 
and (7)  completely determine the eleven unknown t r i m  v a l u e s  i n  a s teady  
coord ina ted   tu rn ,  i . e . ,  E u l e r   a t t i t u d e s  0,  0;  angular  rates p ,  q ,  r; the  
angle  of a t t a c k  a, ang le   o f   s ides l ip  6, and t h e  f o u r  c o n t r o l  v a r i a b l e s  of 
t h e  a i r c r a f t .  For   convenience,   th is  set of equat ions i s  summarized i n  t a b l e  1. 
It should be noted that  equat ions ( 6 )  and ( 7 )  are t h e  two important  kine-  
matic equa t ions  tha t  relate t h e  body ax i s  Eu le r  ang le s  0 and @ t o  t h e  f l i g h t  
parameters y, a ~ ,  (31, and @Jl. A s  discussed earlier i n   t h e   i n t r o d u c t i o n ,  a 
s i n g l e  main ro to r  he l i cop te r  no rma l ly  exh ib i t s  some s i d e s l i p  i n  a coordinated 
t u r n ,  t h e  amount of which  depends  on  the  a i rc raf t  conf igura t ion  as w e l l  as t h e  
s i d e - f o r c e  c h a r a c t e r i s t i c s .  
The turn  parameter  0, t h a t  relates t h e  t u r n  rate and the   speed   o f   f l i gh t  
as given by equat ion  (5) i s  k inemat ica l ly  re la ted  to  the  load  fac tor  which  i s  
d iscussed  next .  
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LOAD FACTOR AND TURNING PERFORMANCE 
The l a c k  of a p r e c i s e  and r a t i o n a l  d e f i n i t i o n  o f  t h e  term "load factor"  
and t h e  f a c t  t h a t  t h e  r o l l  a t t i t u d e  and the t h r u s t  v e c t o r  tilt are gene ra l ly  
d i f f e r e n t  may w e l l  b e  t h e  two m a j o r  s o u r c e s  t h a t  c o n t r i b u t e  t o  t h e  d i s c r e p -  
ancies  between theory and f l ight  test r e s u l t s  r e l a t i n g  a i r c r a f t  bank  angle  to  
l o a d  f a c t o r .  I n  t h i s  s e c t i o n  we s h a l l  f i r s t  d e s c r i b e  a n a l y t i c a l l y  t h e  v a r i o u s  
uses  of  the term " load  fac tor"  for  a he l i cop te r  i n  maneuver ing  f l i gh t .  The 
d i f f e r e n c e s  b e t w e e n  t h e s e  d e f i n i t i o n s  are then examined i n  b o t h  s t e a d y  s t r a i g h t  
f l i g h t  and coord ina ted  tu rns .  F ina l ly ,  a d e f i n i t i o n  o f  l o a d  f a c t o r  w i t h  i t s  
r a t i o n a l e  i s  then  p roposed  fo r  un ive r sa l  u se  fo r  t he  he l i cop te r  i n  maneuver ing  
f l i g h t .  
A review of t h e  h e l i c o p t e r  l i t e r a t u r e  r e l a t e d  t o  m a n e u v e r i n g  f l i g h t  
r e v e a l s  t h a t  t h e r e  are a t  least t h r e e  d e f i n i t i o n s  ( o r  i n t e r p r e t a t i o n s )  f o r  t h e  
term  " load  factor ."  They are: (1) t h e   n o r m a l   a c c e l e r a t i o n   i n   u n i t s   o f   g ,  
nT ( r e f s .  2 ,  5 ,  6, and 12) ,  (2) the  acce lerometer  reading  a t  the  c .g .  o f  t he  
a i r c r a f t  a l o n g  t h e  vertical body a x i s ,  -n, ( r e f s .  2 ,  5, and 6),  and (3)  t h e  
t h r u s t   t o   w e i g h t   r a t i o   n '  = T/W ( r e f s .  4 ,  10,  1 2 ) .  
The lack  of  a u n i f i e d  d e f i n i t i o n  o r  i n t e r p r e t a t i o n  of l o a d  f a c t o r  f o r  a 
pu re  he l i cop te r  i n  maneuver ing  f l i gh t  may stem f r o m  t h e  f a c t  t h a t  t h e  t h r u s t  
o f  t he  main r o t o r  i s  u s e d  f o r  l i f t i n g  t h e  a i r c r a f t  as well as for  provid ing  
t h e  p r o p u l s i v e  f o r c e .  I n  t h e  case of a conven t iona l  f i xed -wing  a i r c ra f t  
(CTOL), t h e  p r o p u l s i v e  f o r c e  i s  no t  ob ta ined  f rom the  ma in  l i f t i ng  dev ice ,  bu t  
r a t h e r  from a j e t  o r  a n  a i r  screw. The d e f i n i t i o n  o f  l o a d  f a c t o r  f o r  a CTOL 
a i r c ra f t  has  been  un ique ly  based  on t h e  l i f t  o f  t h e  a i r c r a f t .  
For t h e  s a k e  of comparison, w e  w i l l  add t o  t h e  a b o v e  t h r e e  d e f i n i t i o n s ,  a 
four th  one  der ived  f rom the  f ixed-wing  prac t ice ,  i . e . ,  ( 4 )  t h e  l i f t  t o  w e i g h t  
r a t i o  of t h e   a i r c r a f t ,  n = L/W ( r e f s .  11, 12).  
=W 
Note t h a t  t h e  t h r u s t  t o  w e i g h t  r a t i o ,  n ' ,  g e n e r a l l y  d i f f e r s  from t h e  
r a t i o  of t he  to t a l  ae rodynamic  and  p ropu l s ive  fo rce  to  we igh t  o f  t he  a i r c ra f t ,  
n, which i s  t h e  v e c t o r  sum of t h e  s i g n a l s  of the  three  or thogonal  acce lerom-  
eters a t  the  center  of  grav i ty  of  the  a i rc raf t  and  they  are normal ly  ava i lab le  
i n   t h e   s t a n d a r d  test ins t rumenta t ion  complement.  For p rec i seness ,  n i n s t e a d  
of  n' w i l l  be   used  in   the  subsequent   discussions.   For  a pu re   he l i cop te r  
( i . e . ,  conven t iona l  r a the r  t han  compound h e l i c o p t e r )  t h e  two q u a n t i t i e s ,  
namely, n and n ' ,  are approximately equal.  
The f o u r  d e f i n i t i o n s  of l o a d  f a c t o r  i n  a s t eady  coord ina ted  tu rn  are 
i n t e r r e l a t e d  by 
n =  
T COS $1 cos  y (8a) 
= (niw + t an2  B, s i n 2  y>1/2 ( i n  calm a i r )  (8b) 
6 
(nT 2 - cos2 y)1/2 
-n, = cos  0 cos  0 1 ( s i n  6, s i n  @+cos a cos 6, cos  0 s i n  a) cos  y I 
(9) 
To o b t a i n   ( 8 b ) ,   o n e   f i r s t   n o t e s   t h a t  n = - s i n  y and t h a t  nT2 = nYw + nzw. 
It can be shown t h e n  t h a t  nYw = -tan 61 s i n  y .  I n  e q u a t i o n  (9) it should be 
no ted   t ha t  + i s  f o r   r i g h t   t u r n s  and - is  f o r   l e f t   t u r n s .   F u r t h e r ,  0 and CP 




n = n s i n  ct - n cos ct 
ZW X Z 
From the   above   re la t ionships ,  w e  observe   tha t  n i s  a lways   g rea t e r   t han   o r  
e q u a l   t o   e i t h e r  nT o r  -n,. In calm a i r ,  nT 2 n always,  and n+ L -nz 
whenever aI and y have  the same s i g n .   I n  a s teady   coord ina ted   l eve l   tu rn ,  
i n  p a r t i c u l a r ,  i t  i s  s e e n   t h a t  n i s  a lways   equal   to  nT,  and t h a t  i n  calm 
a i r  , 
ZW 
-n - Z 
nT = nzw cos c1 I 
i n d i c a t i n g  t h a t  t h e  f i r s t ,  t h i r d ,  and f o u r t h  d e f i n i t i o n s  c o i n c i d e .  
The e f f e c t s  of a and B on   t he   fou r   de f in i t i ons  of l o a d  f a c t o r  i n  s t e a d y  
coordinated 2g  (nT) r i g h t  t u r n s  i n  calm a i r  are i l l u s t r a t e d  i n  f i g u r e  3. For. 
l e v e l   t u r n s   n o t e   t h a t  n = n = nT = 2 throughout  and  that  -nz is  indepen- 
dent  of 6 as confirmed  by  the  above  equation.  For  cl imbing and descending 
t u r n s ,  n i s  independent  of ct and B (by t h e  same token nT i s  a l s o ) ;  n 
ZW 
is  
independent of a, and i s  symmetrical w i t h   r e s p e c t   t o  y and B as confirmed 
by  equation  (8b);  -n, is symmetrical w i t h   r e s p e c t   t o  0 and i s  a l s o  sym- 
metrical w i t h  r e s p e c t  t o  t h e  p a i r  (cr,y) as evident from equations (8b) 
and ( l l b ) .  T h e s e  e f f e c t s  are independent  of  the  d i rec t ion  of t h e  t u r n .  
ZW 
Figures  4 and 5 show, respec t ive ly ,  the  re la t ionships  be tween -nz and  nT, 
and n and nT f o r  a range  of nT from 1 t o  3g.  The a i r c r a f t  is  flown i n  




t h a t  -n, is s t rongly   in f luenced   by  CY, b u t  n is independent  of a. Both 
-n, and n are only  weakly  affected by t h e   i n h e r e n t   s i d e s l i p .  
zw 
ZW 
Of fundamental  importance is t h e  f a c t  t h a t  n and nT depend  upon f l i g h t -  
path  and  therefore  are independent  of CY and 6 .  On the   o the r   hand ,   bo th  -n, 
and n, are func t ions  of t h e   i n h e r e n t   s i d e s l i p   a n d  n, is also  dependent  
upon a n g l e  o f  a t t a c k  i n  a given coordinated turn.  They are therefore  dependent  
on  the  spec i f i c  ae rodynamic  cha rac t e r i s t i c s  of t h e  h e l i c o p t e r .  It i s  only 
l o g i c a l ,   t h e r e f o r e ,   t o   a d o p t  n as t h e  d e f i n i t i o n  o f   l oad   f ac to r   fo r   t he  
he l i cop te r  i n  maneuver ing  f l i gh t .  A s  a c o r o l l a r y  t h e  term normal  load factor  
should  be  given  to nT, not -?,. The va lue   o f  nT can  be  calculated  f rom n 
us ing   equa t ion   ( l oa )   o r  from Y! using  (8a) .  
W 
To fu r the r  s t r eng then  the  above  s t a t emen t ,  w e  s h a l l  now cons ider  a spec i? l  
case of  coordinated  turn,  namely, a coord ina ted  turn  where  the  rate of t u r n  Y 
approaches  zero.  This i s  s t eady   "coord ina ted"   s t r a igh t   f l i gh t ,   wh ich   can  
r e a d i l y  b e  shown t o  b e  i d e n t i c a l  t o  s t e a d y  s t r a i g h t  w i n g - l e v e l  f l i g h t .  
Coordina ted  S teady  St ra ight  F l igh t  
With i = 0 equat ions  (8a)  , ( 9 )  , ( loa )  , and ( l l a )  r e d u c e  t o  
n = cos y 
-nZ = COS 0 
T 
n = l  
n = COS(@ - CY) 
ZW 
The a i r c r a f t  p i t c h  a t t i t u d e  0 i s  s t rongly   in f luenced   by   the   inherent   s ides l ip  
i n   t h i s   f l i g h t   c o n d i t i o n .   I n   f a c t ,  
s i n ( 0  - a ) = s i n  y I cos  B, 
Thus,  while nT and n are independent   of   the   aerodynamic  character is t ics   of  
t h e   h e l i c o p t e r ,  -nz  and n depend on the   ae rodynamic   cha rac t e r i s t i c s  as w e l l  
as wind c o n d i t i o n s .   I n   t h e  calm a i r  s i t u a t i o n ,  c1 = aI, and  n+  becomes 
ZW 
n =W = ( l -  cos2 $ 
sin2 I )"' 
When s i d e s l i p  i s  a b s e n t  i n  c o o r d i n a t e d  s t r a i g h t  f l i g h t  ( g e n e r a l l y  i n  t h e  case 
of   f ixed-wing   a i rc raf t )   equa t ion  (14) y i e l d s  n = cos y, which i s  seen  t o  be  
i d e n t i c a l   t o  nT. ZW 
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The  amount of  inherent  s ides l ip  depends  on t h e  l a t e r a l - d i r e c t i o n a l  a e r o -  
dynamic c h a r a c t e r i s t i c s  of t he  he l i cop te r .  F igu re  6 shows an  example  of  the 
f l i g h t  test r e s u l t s  o f  t h r e e  h e l i c o p t e r s  (from r e f .  1 3 )  i n  s t r a i g h t  w i n g - l e v e l  
f l i g h t .  A s  i n d i c a t e d  i n  t h i s  f i g u r e ,  s u b s t a n t i a l  i n h e r e n t  s i d e s l i p  c a n  b e  
p r e s e n t  i n  low speeds.  
Now w e  r e t u r n  t o  e q u a t i o n  (12) .  I f  w e  u se  n as t h e  d e f i n i t i o n  o f  l o a d  
f a c t o r  as proposed earlier i n  t h e  r e p o r t ,  t h e n  n = 1 i n  a s t e a d y  s t r a i g h t  
f l i g h t  ( l e v e l  o r  n o t ,  a n d ,  i n  f a c t ,  c o o r d i n a t e d  o r  n o t ) .  S i n c e  s t e a d y  s t r a i g h t  
f l i g h t  i s  u n a c c e l e r a t e d  f l i g h t ,  t h e  c h o i c e  o f  n as load   f ac to r  i s  indeed 
appropr ia te .  
Having determined a r a t i o n a l  d e f i n i t i o n  of  load factor  w e  now proceed  to  
examine t h e  rate and r a d i u s  o f  t u r n  i n  a s t e a d y  h e l i c a l  t u r n .  
Rate and Radius of Turns 
I n  a s t e a d y  t u r n  a t  a g iven  speed ,  an  inc rease  in  load  f ac to r  i nc reases  
t u r n  rate and reduces turn radius .  A t  a g i v e n  l o a d  f a c t o r ,  a n  i n c r e a s e  i n  
speed  decreases   turn rate and increases  turn  rad ius .  Fur thermore ,  for  a given 
load  f ac to r ,  t he  he l i cop te r  t u rns  a t  a f a s t e r  t u r n  rate and on a smaller 
r a d i u s  i n  a h e l i c a l  t u r n  t h a n  i n  a level tu rn .  
I n  a s t e a d y  h e l i c a l  t u r n ,  t h e  t u r n  ra te  can be der ived from equat ions (8a)  
and (loa) 
where  the  pos i t i ve  s ign  is  f o r  a r i g h t  t u r n  and t h e  n e g a t i v e  s i g n  is  f o r  a 
l e f t  t u r n .  It f o l l o w s   t h a t   t h e   t u r n   r a d i u s  is 
VT2 cos2  y 
Figure  7 shows t h e  r a d i u s  and t h e  rate o f  t u rns  fo r  several va lues  of t h e  
f l i g h t p a t h  a n g l e  o v e r  a r ange  o f  f l i gh t  speeds .  The t i m e  to  comple te  a 180° 
t u r n  f o r  a range  of V and y is shown i n  f i g u r e  8. I 
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HELICOPTER ANGULAR RATES AND ATTITUDES I N  STEADY COORDINATED TURNS 
The a i r c r a f t  a n g u l a r  v e l o c i t i e s  a b o u t  t h e  body axes h a v e  s i g n i f i c a n t  
i n f l u e n c e  o n  t h e  t h r u s t  c a p a b i l i t y  and s ta l l  c h a r a c t e r i s t i c s  of bo th  the  main  
r o t o r  and t h e  t a i l  ro to r .  The re fo re ,  it is impor tan t  to  examine  the  e f fec ts  
of t h e  f l i g h t  p a r a m e t e r s  s u c h  as y, a, B y  and V ,  as w e l l  as load  fac tor  on  
a n g u l a r  v e l o c i t i e s  o f  t h e  h e l i c o p t e r  i n  a coord ina ted  turn .  
The h e l i c o p t e r  p i t c h i n g  v e l o c i t y ,  f o r  e x a m p l e ,  h a s  a well-known e f f e c t  o n  
t h e  t h r u s t  c a p a b i l i t y  o f  t h e  r o t o r .  A p o s i t i v e - p i t c h i n g  v e l o c i t y ,  s u c h  as 
tha t  which  exists dur ing  a coordinated turn,  has  been shown to  p rov ide  an  
inc reased  th rus t  o r  g -capab i l i t y  due  to  load ing  o f  t he  advanc ing  b l ade  and 
un load ing  o f  t he  r e t r ea t ing  b l ade ,  t he reby  p rov id ing  a s t a l l - a l l e v i a t i n g  e f f e c t  
f o r  a l i f t i n g  r o t o r .  The p r i n c i p a l  mechanism c a u s i n g  t h i s  e f f e c t  i s  due  to  a 
gyroscopic moment a c t i n g  o n  t h e  r o t o r  s y s t e m  ( r e f .  7 ) .  Conversely, a nega t ive  
p i t c h i n g  v e l o c i t y  w i l l  aggravate  s ta l l  of  the  ro tor  sys tem.  A s  a c o r o l l a r y ,  
yaw rate has  a s i g n i f i c a n t  e f f e c t  on the s ta l l  c h a r a c t e r i s t i c s  of t h e  t a i l  
r o t o r .  I n  f a c t ,  i t  i s  an  impor t an t  f ac to r  t o  be  cons ide red  in  the  des ign  of 
t h e  t a i l  ro to r  sys t em ( r e f .  14 ) .  The h e l i c o p t e r  r o l l  rate c o u p l e s  d i r e c t l y  t o  
t h e  t h r u s t  o f  t h e  main ro to r  sys t em ( r e f .  8).  The e f f e c t  i s  due  p r imar i ly  to  
t h e  c h a n g e  i n  t h e  r o t o r  i n f l o w  d i s t r i b u t i o n .  A s  such,  i t  i s  p r imar i ly  an  
aerodynamic r a t h e r  t h a n  a n  i n e r t i a  e f f e c t s ,  as i s  t h e  case f o r  t h e  p i t c h i n g  
ve loc i ty  d i scussed  p rev ious ly .  
Hel icopter  Angular  Rates  in  Steady Coordinated Turns 
The aircraft  a n g u l a r  v e l o c i t i e s  i n  t h e  body-axes system i n  a coordinated 
h e l i c a l  t u r n  c a n  b e  d e v e l o p e d  u s i n g  e q u a t i o n s  (2), ( 6 ) ,  and (7 ) .  From equa- 
t i o n s  (2), i t  is clear t h a t  p ,  q ,  and r are f u n c t i o n s   o f   a i r c r a f t   t u r n  rate 
and t h e  body-axes  Euler  angles 0 and @. S i n c e  i n  a coord ina ted   tu rn ,  0 and @ 
are func t ions  of y, aI, and BI as i n d i c a t e d   i n   e q u a t i o n s  (6) and (7),  and 
t h e  rate of t u r n  is  a func t ion  of  nT, VI ,  and y, i t  would seem then  tha t  p ,  
q ,  r would a l so   be   func t ions   o f  nT, y, VI,  a ~ ,  and BI.  However, i t  w i l l  be 
shown i n  t h e  f o l l o w i n g  t h a t  a l t h o u g h  s u c h  i s  t h e  case f o r  p and r ,  t h e  p i t c h  
rate q i s  independen t  o f  t he  ang le  o f  a t t ack  in  a coord ina ted   tu rn .  
Equations ( 6 )  and (7) , r e s p e c t i v e l y ,  become 
q = t a n   c o s  B (r cos  a - p s i n  a ) I I I 
Y s i n  y q t a n  6, = - - ( r   s i n  a + p cos  a ) 
cos  BI I I 
by v i r tue  o f  equa t ions  ( 2 ) .  
Denoting the two terms i n  t h e  p a r e n t h e s e s  i n  t h e  a b o v e  e u q a t i o n s  b y  r' 
and  p '   respectively,   namely,  r '  = r cos a1 - p s i n  a ~ ,  and 
p' = r s i n  aI + p cos  "1, equations (16) and (17) become 
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. where  p' and r' are r e l a t e d   t o  p and r by a r o t a t i o n   i n  a ( i . e . ,   l oose ly ,  
p'  and r' are t h e  r o l l  and yaw rates a b o u t  t h e  s t a b i l i t y  axesj, 
cos  a I (:) = ( s i n  a, - s in  "'> (:;) cos  c1 I 
Note  from  equation (20) t h a t  p I 2  + r t 2  = p2 + r2.  Therefore,   from  (2),  
p' + r' = tp - q2.  When this i d e n t i t y  is u t i l i zed ,   equa t ions   (18 )  and  (19) 
w i l l  y i e l d  t h e  f o l l o w i n g  q u a d r a t i c  e q u a t i o n  f o r  t h e  p i t c h  rate: 
(coset' $,)q2 + ( 2 i ~  s i n  y s i n  B,)q + +'(s in2 y - cos 2 B ~ )  = o (21) 
The s o l u t i o n   f o r  q i s  therefore   g iven  by 
Since q i s  a l w a y s  p o s i t i v e  i n  a s t eady   t u rn ,   r ega rd le s s  of t h e  t u r n  d i r e c -  
t i o n ,  t h e r e  i s  no a m b i g u i t y  i n  s e l e c t i n g  t h e  p r o p e r  s i g n  i n  e q u a t i o n  ( 2 2 ) .  
From equat ion (22) ,  i t  is clear t h a t  i n  a coord ina ted  tu rn ,  p i t ch  rate is  inde- 
pendent of angle   o f   a t tack .  However, r o l l  and yaw rates are a f f e c t e d  by aI,  
which is  evident  from  equations  (18),   (19),   and  (20).  
I n   e q u a t i o n   ( 2 2 ) ,   t h e  rate of t u r n  i s  r e l a t e d  to VI ,  y ,  and nT by 
equat ion  (15) .  The two terms t a n  $1 and s i n  $1 t h a t  are r e q u i r e d   i n  equa- 
t i o n s  (18) and (22) can be expressed in terms of the  load  f ac to r ,  n ,  and  the  
f l i g h t p a t h  a n g l e ,  y ,  as fol lows:  
I 
1 t a n  = 2 - cos  y (nT - cos2 y)1/2 
and 
I 
.. . . . .. . , . . ... . . "_ - 
In  equat ions  (23a)  th rough (24b) ,  the  pos i t ive  s ign  i s  f o r  a r i g h t  t u r n  and 
t h e  n e g a t i v e  s i g n  i s  f o r  a l e f t  t u r n .  
Figures  9 and 10 show a n g u l a r  v e l o c i t i e s  a n d  p i t c h  a n d  r o l l  a t t i t u d e s  i n  
s t eady ,  coord ina ted  r igh t  t u rns3  a t  nT = 2g  and f l i g h t  s p e e d  of 60 knots  wi th  
var ious  combinat ions  of  a, B ,  and y. Note t h a t  t h e  aircraft  p i t c h  rate i s  
not  dependent on a, b u t  t h e  r o l l  and yaw rates are. Note a l s o  t h a t  r o l l  rate 
changes  s ign  f rom pos i t ive  to  nega t ive  when t h e  a i r c r a f t  p i t c h  a t t i t u d e  c h a n g e s  
from p o s i t i v e  t o  n e g a t i v e .  The e f f e c t  o f  t h e  i n h e r e n t  s i d e s l i p  o n  t h e  a i r c r a f t  
r o l l  rate i s  much more pronounced than are e i t h e r  t h e  p i t c h  o r  t h e  yaw rates, 
over   the  range  of  y and a considered.  
Some symmetrical p r o p e r t i e s  are noteworthy: a simultaneous  change i n  t h e  
s ign   of  y, a, and B r e s u l t s  i n  o n l y  a s i g n  c h a n g e  f o r  t h e  r o l l  rate; the  
signs and the magnitudes of  the pi tch and yaw rates remain  unchanged. When 
t h e  d i r e c t i o n  of t he  tu rn  changes ,  s ay  f rom r igh t  t o  l e f t ,  t he  magn i tudes  of 
t he  angu la r  rates are symmetrical w i t h  r e s p e c t  t o  t h e  s i d e s l i p  and t h e  s i g n s  
of t h e  r o l l  and t h e  yaw rates are changed.  Thus, a l l  l e f t  t u r n  p a r a m e t e r s  may 
be  der ived  f rom the  r igh t  tu rn  computa t ions  by making the proper  s ign changes.  
Symbollically:  
R igh t   t u rn   Le f t   t u rn  
(@ nT' VI> (@ nTY VI> 
Y -P 
B -r 
a )  + -;) + 9 
2) -h -P q 2 1  -f q P-B r B -r 
It i s  of a d d i t i o n a l  i n t e r e s t  t o  examine the  behavior  of  p i tch  ra te  f o r  
two s p e c i f i c  f l i g h t  c o n d i t i o n s ,  namely ( a )  coord ina ted  l eve l  t u rns  and 
(b)  coordinated turns  that  have no i n h e r e n t  s i d e s l i p  ( a s  n o r m a l l y  t h e  case f o r  
f i x e d - w i n g  a i r c r a f t ) ,  and f u r t h e r  t o  o b s e r v e  t h e  i n f l u e n c e  o n  r o l l  and yaw 
rates tha t  fo l low based  on equat ions  (18) , (19)  , and (20). 
Coordinated  level  turn-  With y = 0 ,  equat ion  (22)  becomes 
q = I) s i n   c o s  B I (25) 
The corresponding  formulas   for  p and r are g iven   in   the   appendix .   Us ing  
equat ions  (15) and  (24a)   and  not ing  that   for  y = 0 and nT = n,   equa t ion   (25)  
becomes 
3Unless noted otherwise,  a l l  t h e  t u r n s  are f l o rn  i n  calm a i r .  
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Thus, f o r  a coord ina ted ,  level t u r n  a t  a given  g-level  and  speed VI,  t h e  
p r e s e n c e  o f  s i d e s l i p  d e c r e a s e s  t h e  a i r c r a f t  p i t c h  rate, thereby  reducing  the  
s ta l l  Al l ev ia t ion  e f f ec t  d i scussed  earlier. 
More symmetrical p r o p e r t i e s  r e l e v a n t  t o  t h e  c o o r d i n a t e d  level t u r n  may be  
o f   i n t e r e s t   t o   n o t e .  It is  evident  from  equations (25) and (26) t h a t  q i s  
independent  of c q  and is  an  even func t ion   of  61, i . e . ,  symmetrical wi th  
r e s p e c t   t o  61; t h a t  r is symmetrical w i t h   r e s p e c t   t o   t h e   p a i r   ( a ~ ,  BI); and 
t h a t  t h e  r o l l  rate is  skew-symmetr ica l  wi th  respec t  to  the  pa i r  (aI, BI> ( i .e. ,  
p i s  an odd func t ion ) .  The last  two p rope r t i e s   can   be   s een  from  equa- 
t i o n s  (18), (19) ,  and ( 2 0 ) ,  and a l l  of the above symmetrical p r o p e r t i e s  are 
shown i n  f i g u r e  9. 
Figure 11 shows t h e  e f f e c t  o f  t h e  i n h e r e n t  s i d e s l i p  on t h e  a i r c r a f t  angu- 
lar rates i n  coord ina ted ,  level r i g h t  t u r n s  o v e r  a range of  normal  load factor  
from 1 g t o  3 g.  Again,  the f l ight  speed i s  60 knots,   and  several   values  of 
ang le  o f  a t t ack  are shown. 
C o o r d i n a t e d  t u r n  w i t h o u t  s i d e s l i p -  I f  s i d e s l i p  i s  n o t  p r e s e n t  i n  a coor- 
d i n a t e d  t u r n ,  t h e n  t h e  p i t c h  rate becomes 
q = Y s i n  cos y (27 1 
Formulas f o r  p and r are g iven   i n   t he   append ix .   Expres sed   i n  terms of t h e  
load  f ac to r ,  t he  above  equa t ion  can  a l so  be  wr i t t en  as: 
It i s  r ead i ly  seen  from  equations (26)  and (28)  t h a t  f o r  t h e  same load 
f a c t o r  and speed of f l i g h t ,  a coord ina ted  he l i ca l  t u rn  ( e i the r  c l imb ing  o r  
d e s c e n d i n g )  i n c r e a s e s  t h e  a i r c r a f t  p i t c h  ra te  over i t s  c o u n t e r p a r t  i n  a coor- 
d ina t ed  l eve l  t u rn .  Thus  by taking advantage of t h e  ra te  of  change  of  poten- 
t i a l  e n e r g y  o f  t h e  a i r c r a f t ,  a h e l i c o p t e r  a t  a given airspeed can generate  more 
I' g" i n  a h e l i c a l  t u r n  t h a n  i n  a l eve l  t u rn  be fo re  encoun te r ing  s ta l l .  
It is of   fundamental   importance  that   the   pi tch rate q is  independent  of 
t he  ae rodynamic  cha rac t e r i s t i c s  of t h e  h e l i c o p t e r .  It depends  only  on  the 
turn ing   parameters ,  i .e .  , VI, nT, y, and t h e  d i r e c t i o n  of t h e   t u r n .  By t h e  
same t o k e n ,  t h e  r o l l  and yaw rates a b o u t  t h e  s t a b i l i t y  a x e s ,  i . e . ,  p'  and r ' ,  
are a l so  independen t  o f  t he  ae rodynamic  cha rac t e r i s t i c s  o f  t he  a i r c ra f t .  In  
f a c t ,  f o r  a coord ina ted  turn ,  a l l  a i r c r a f t  h a v e  i d e n t i c a l  a n g u l a r  rates about 
t h e i r  s t a b i l i t y  a x e s ,  w h i c h  are cha rac t e r i zed  by t h e  same set of  four  turn 
parameters i f  no s i d e s l i p  i s  present .  
This   impor tan t   k inemat ic   p roper ty   has   fa r   reaching   ramif ica t ions .   S ince  
f ixed-wing  a i rc raf t  normal ly  exhib i t  no i n h e r e n t  s i d e s l i p  i n  a coordinated 
4The t u r n  o f  i n t e r e s t  h e r e  i s  charac te r ized  by  a set of f o u r  t u r n  param- 
eters o r  t h e i r - e q u i v a l e n c e  s u c h  as nT, y, Y, counting the magnitude and the 
d i r e c t i o n  of Y as two parameters.  
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t u r n ,  the angular  rates a b o u t  t h e  s t a b i l i t y  axes 
t h e s e   a i r c r a f t  , i. e. , 
p' = -\y s i n  y 
q' = \y s i n   c o s  y 
r '  = \y cos  $1 cos  y 
w i l l  b e  i d e n t i c a l  f o r  a l l  
8 
Note t h a t  (29) can   a l so   be   der ived   d i rec t ly   by   t ransforming  i through y 
and @l. It f o l l o w s  t h a t  a l l  the  kinematic  terms i n  t h e  E u l e r  e q u a t i o n s  ( l a )  
and ( l b )  w i l l  a l s o  b e  i d e n t i c a l  i f  t h e s e  a i r c r a f t  h a v e  t h e  same weight and 
i n e r t i a  c h a r a c t e r i s t i c s  r e f e r e n c e d  t o  t h e i r  s t a b i l i t y  a x e s .  It i s  only   log i -  
ca l ,  t h e n ,  t o  u s e  t h e  s t a b i l i t y  a x e s  t o  i s o l a t e  t h e  i n f l u e n c e  o f  i n e r t i a  e f f e c t  
and t o  s t u d y  t h e  i n f l u e n c e  of aerodynamic c h a r a c t e r i s t i c s  on  dynamic behavior  
d u r i n g  s t e e p ,  t u r n i n g  f l i g h t .  
He l i cop te r  P i t ch  and R o l l  A t t i t udes  in  Coord ina ted  Turns  
With the  angu la r  rates ca l cu la t ed  as shown i n  t h e  p r e c e d i n g  s u b s e c t i o n ,  
t h e  a i r c r a f t  p i t c h  and r o l l  a t t i t u d e s  c a n  b e  o b t a i n e d  as follows: 
I f  we  s u b s t i t u t e  t h e  r o l l  
become 
s i n  y cos  a, 





yaw rates i n t o  t h e  a b o v e  e q u a t i o n s ,  t h e  r e s u l t s  
s i n  a I 
tan 'I + t a n  0, cos  B I 
t a n  @1 cos 8, 
cos  a - t an  @l s i n  a s i n  B - (+ /q ) t an  +1 s i n  y s i n  a t a n  CP = (31b) I I I I 
where q i s  given  by  equation (22) .  For  convenience,   these  quations  along 
wi th  the  fo rmulas  fo r  t he  angu la r  rates are summarized i n  t a b l e  2. 
Unl ike  the  angular  rates, which are func t ions  of  "1, BI, and t h e  com- 
p l e t e  set of fou r  tu rn  pa rame te r s ,  t he  p i t ch  and r o l l  a t t i t u d e s  depend  on aI, 
f31, and  only  the  three  turn  parameters ,   namely y ,  nT (o r  @'), and t h e   d i r e c -  
t i o n  of t h e  t u r n .  The p i t c h  and r o l l  a t t i t u d e s  i n  a coord ina ted  turn  are 
independent  of  the f l ight  speed or  the rate of  turn.  A s  i n  t h e  case of t h e  
angular  rates, t h e r e  are a l s o  i n t e r e s t i n g  symmetrical p r o p e r t i e s  f o r  t h e  p i t c h  
and r o l l  a t t i t u d e s  w i t h  r e s p e c t  t o  t h e  d i r e c t i o n  of t h e  t u r n ,  y ,  aI, and BI 
as summarized i n  t a b l e  3. Also,  it is i m p o r t a n t  t o  n o t e  t h a t  @ # ( p l y  un les s  
"1 = B I  = 0. 
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Figure 10 shows the i n f l u e n c e  o f  s i d e s l i p  on t h e  a i r c r a f t  a t t i t u d e s  i n  
s t e e p  hel ical  t u r n s  a t  nT = 2g. Figure  12 shows i t s  e f f e c t  o v e r  a range of 
t he  no rma l  load  f ac to r  f rom lg  to  3g. In  addi t ion  one  can  see from these 
i l l u s t r a t i o n s  that +1 and @ c a n  d i f f e r  m a r k e d l y  i n  a coord ina ted  turn  a t  a 
higher   value  of  nT, e s p e c i a l l y  a t  extreme  values  of y ,  "1, and BI; and t h a t  
s i d e s l i p  h a s  a s t r o n g  i n f l u e n c e  o n  t h e  p i t c h  a t t i t u d e  o f  t h e  a i r c r a f t .  The 
symmetrical p r o p e r t i e s  from t h e s e  f i g u r e s  i n d i c a t e  t h a t  i f  t h e  p i t c h  and r o l l  
a t t i t u d e s  0 and @ have   been   ca lcu la ted   for  a r i g h t  t u r n  a t  nT, y ,  aI, and 
81, t h e n  t h e i r  v a l u e s  f o r  a l e f t  t u r n  a t  nT, y ,  "1, and -61 w i l l  b e  0 and 
-@. This  and  other symmetrical p r o p e r t i e s  are shown i n  t a b l e  3. 
For a coordinated level turn, equations (30a) and (30b) may be  reduced  to  
s i n  0 = s i n  o1 cos  a s i n  B + cos  $1 s i n  c1 I I I (32a) 
t a n  $1 cos 8, 
C O S  a - t a n   s i n  a s i n  f3 t a n  @ = I I I 
by v i r tue  of  equat ion  (25) .  F igures  10  and  12 show t h e  i n f l u e n c e  o f  s i d e s l i p  
on t h e  a i r c r a f t  a t t i t u d e s  i n  c o o r d i n a t e d  l e v e l  r i g h t  t u r n s  a t  nT = 2g and 
over a range of  the normal  load factor  from l g  t o  3 g ,  r e s p e c t i v e l y .  Note t h a t  
t h e  e f f e c t  of s i d e s l i p  i n  a l e v e l  t u r n  is somewhat weaker as compared t o  t h e  
s t e e p e r  t u r n  case. 
Addi t iona l  symmetrical p r o p e r t i e s  f o r  a coordinated level t u r n  are (1)  the 
r o l l  a t t i t u d e  i s  symmetric w i t h  r e s p e c t  t o  t h e  p a i r  ( a I ,  BI) and  (2) t h e  p i t c h  
rate is  skew-symmetric w i t h  r e s p e c t  t o  t h i s  p a i r .  T h i s  c a n  b e  s e e n  from 
equations  (32a)  and  (32b). 
Further  Discussions of  the Resul ts  
The new formulas  deve loped  in  the  two preceding subsect ions,  which 
d i r e c t l y  c o n n e c t  t h e  a i r c r a f t  a n g u l a r  rates and p i t c h  and r o l l  a t t i t u d e s  t o  
the  tu rn  pa rame te r s ,  ang le  o f  a t t ack ,  and s i d e s l i p  c a n  b e  u s e d  t o  d r a s t i c a l l y  
s i m p l i f y  t h e  t r i m  c o m p u t a t i o n  f o r  t h e  h e l i c o p t e r  i n  a s teady  coord ina ted  
h e l i c a l   t u r n .   T h i s   s i m p l i f i c a t i o n  i s  due to   equa t ions   (20 ) ,   (22 ) ,   (31a ) ,  
and  (31b) e s sen t i a l ly  decoup l ing  the  11 governing equations shown i n  t a b l e  1. 
For a s t eady   coord ina ted   he l i ca l   t u rn ,   t he  11 governing 
uniquely  de te rmine  the  t r i m  va lues  of the  fo l lowing  11 f l i g h t  
Angle of a t t a c k  and s i d e s l i p  a, B (01: a,, 8,) 
A i r c r a f t  a n g u l a r  rates PY q ,  r 
A i r c r a f t  p i t c h  and r o l l  a t t i t u d e s  0,  @ 
Contro l  pos i t ions ,  e .g .  , 6 e ,  8,s 6,s 8p 
equat ions  
parameters: 
5Recall t h a t  t h e  t u r n  i n  q u e s t i o n  is cha rac t e r i zed  
parameters as d iscussed  earlier. 
by a set o f  fou r  tu rn  
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It would be  necessary ,  wi thout  those  f i ve  new f o r m u l a s  f o r  a i r c r a f t  a n g u l a r  
rates and p i t c h  and r o l e  a t t i t u d e s ,  t o  i n v e r t  a n  a s s o c i a t e d  11x11 Jacobian 
m a t r i x  i n  e a c h  i terative c y c l e  i n  t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  e l e v e n  (non- 
l i nea r  a lgeb ra i c )  gove rn ing  equa t ions .  Wi th  the  a i r c ra f t  angu la r  rates and 
0 and CP e x p r e s s e d   e x p l i c i t l y   i n  terms of aI and BI (see  equat ions  (31a)  
and (31b) ,  the associated Jacobian matr ix  can be compressed into a s impler  6x6 
as normally i s  t h e  case f o r  a s t e a d y  s t r a i g h t - f l i g h t  c o n d i t i o n .  
L e t  c y  2, and g be  denoted  by - 
where f l y   f p ,  . . ., f s  are t h e  f i r s t  s i x  s t e a d y  s ta te  Eu le r  equa t ions  in  
t a b l e  1. Note t h a t  g = g(2). Then - f t a k e s  t h e  f o l l o w i n g  form 
- f = F[c ,  - ” g ( c ) ]  = 0 
The a s s o c i a t e d   s i x   b y   s i x   J a c o b i a n   m a t r i x   a f / a c  “ becomes 
(34) 
The Jacobian   mat r ix  af /ac  ” i s  a n e c e s s a r y   i n g r e d i e n t   i n   t h e   i t e r a t i v e  methods 
f o r  n u m e r i c a l  s o l u t i o n  of t h e  trim e q u a t i o n s .  I f ,  f o r  e x a m p l e ,  a Newton-type 
procedure i s  used ,  then  an  a lgor i thm for  de te rmining  the  trim v a l u e s  f o r  t h e  
vec to r  - c b e g i n n i n g  w i t h  a n  i n i t i a l  g u e s s  so i s  of t h e  f o l l o w i n g  s o r t  
C 
-i+l -i -i 
= c  + 6 c  
where X i  5 1 i s  a damping  parameter f o r  a s t a b l e  i t e r a t i o n .  With t h e  t r i m  
v a l u e   f o r  c determined,   say st, t h e   d e s i r e d  trim v a l u e s   f o r   t h e   a n g u l a r  
rates and 0 and @ follow  immediately,   which are 
- 
In  the  absence  o f  a n  i n h e r e n t  s i d e s l i p  i n  a s teady  coord ina ted  turn ,  as 
i s  no rma l ly  the  case  fo r  f ixed -wing  a i r c ra f t ,  t he  t r i m  computation can be made 
even s i m p l e r .  A s  discussed  earlier,  t h e  p i t c h  rate, u n d e r  t h i s  c o n d i t i o n ,  i s  
now only a func t ion  of the  turn  parameters ;  p ,  r ,  0 ,  and @ are func t ions  of 
turn  parameters   and aI on ly .   These   fo r tu i tous   p rope r t i e s   shou ld   be   bene f i -  
c i a l  i n  a p p l i c a t i o n s  f o r  f i x e d - w i n g  a i r c r a f t .  
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- . .. 
In  the  p reced ing  pa rag raphs ,  w e  have dwelled on the calm a i r  s i t u a t i o n .  
In  the  p re sence  o f  a s teady  wind ,  the  f l igh t  parameters  a t  trim st and gt 
w i l l  no l o n g e r  b e  c o n s t a n t .  I n  f a c t  t h e y  w i l l  depend  on the  heading  of  the  
a i r c r a f t  e x c e p t  when t h e  wind i s  pure ly  ver t ical  i n  t h e  e a r t h - r e f e r e n c e d  a x e s  
system. A s  such they w i l l  become periodic  t ime-varying funct ions.  
In  the  p re sence  o f  a horizontal  wind,  for  example,  the body axes  compo- 
nen t s  of the  wind ,  Au,  Av, Aw w i l l  be  fvnc t ions  o f  t he  a i r c ra f t  head ing ,  
which i s  cons tan t ly  changing  wi th  t i m e  (Y = constant). For given wind condi- 
t i o n s  ( d i r e c t i o n  and magnitudes),  the t r i m  computation procedure described 
above applied a t  a s p e c i f i c  h e a d i n g  o f  t h e  a i r c r a f t ,  s a y  Y = Y l ,  w i l l  r e s u l t  
i n  a quasi-s teady t r i m  va lue  (st, st 1 y=yl . When the  a i r c ra f t  head ing  changes  
from Y l  t o  Y, the   corresponding  quasi-s teady t r i m  va lues  (c 
d i f f e r  f rom  those  for   the  heading a t  Y,. Thus, a s t e a d y  f l i g h t  w i t h  c o n s t a n t  
f l i g h t  p a r a m e t e r s  w i l l  no l o n g e r  e x i s t  i n  a coord ina ted  tu rn  in  the  p re sence  
of a s t eady  ho r i zon ta l  wind. 
-t ' B t ) Y = Y ,  w i l l  
CONCLUDING REMARKS 
A set of eleven exact kinematic equations which govern a s teady,  coor-  
d ina t ed ,  he l i ca l  t u rn  invo lv ing  inhe ren t  s ides l ip  has  been  deve loped  in  th i s  
ana ly t i ca l  s tudy .  A v a r i e t y  of d e f i n i t i o n s  and i n t e r p r e t a t i o n s  of   load  factor  
f o r  t h e  h e l i c o p t e r  i n  maneuvering f l ight  has  been examined and i n t e r r e l a t i o n -  
sh ips  e s t ab l i shed  fo r  s t eady  coord ina ted  tu rns .  It i s  concluded  that   the   most  
l o g i c a l  d e f i n i t i o n  of l o a d  f a c t o r  t o  b e  u s e d  f o r  t h e  h e l i c o p t e r  i s  t h e  r a t i o  
of t he  to t a l  ae rodynamic  and  propuls ive  force  to  the  weight  of  the  a i rc raf t .  
T h i s  r a t i o  is  a l s o  t h e  v e c t o r  sum of t h e  s i g n a l s  of t h e  t h r e e  o r t h o g o n a l  
accelerometers  a t  t he   c .g .  of t h e  a i r c r a f t .  I n  a s teady   coord ina ted   tu rn ,   load  
f a c t o r  i s  independent of angle of attack and sideslip;  i t  depends only on t h e  
turn  parameters .  L ikewise  the  load  fac tor  normal  to  the  f l igh tpa th  exhib i t s  
p r o p e r t i e s  similar t o  t h o s e  of the   to ta l   load   fac tor .   Fur thermore ,   normal  
l o a d  f a c t o r ,  i n s t e a d  of t he  acce le romete r  s igna l  a long  the  ver t ica l  body a x i s  
is more a p p r o p r i a t e  t o  a s s o c i a t e  w i t h  t u r n  p e r f o r m a n c e  i n  t h e  p r e s e n c e  of 
s i d e s l i p .  
New f o r m u l a s  t h a t  e x p l i c i t l y  relate a i r c r a f t  a n g u l a r  rates and p i t c h  and 
r o l l  a t t i t u d e s  t o  t h e  t u r n  p a r a m e t e r s ,  a n g l e  o f  a t t a c k ,  and s ides l ip  have  been  
obtained.  These  formulas  decouple  the  eleven  governing  equations,   thus  dras- 
t i c a l l y  s i m p l i f y i n g  t h e  c o m p u t a t i o n  of t h e  k i n e m a t i c s  f o r  t h e  h e l i c o p t e r  i n  
s t eady   coord ina ted   t u rns .   Inco rpora t ion  of t h e s e  e q u a t i o n s  i n t o  t h e  s t a n d a r d  
hel icopter  s imulat ion computer  code may improve the accuracy of  the t r i m  com- 
p u t a t i o n  f o r  c o o r d i n a t e d  t u r n s .  A d e t a i l e d  e v a l u a t i o n  of t h e  e f f e c t s  o f  s i d e -  
s l i p  on t h e  k i n e m a t i c  r e l a t i o n s h i p s  i n  calm a i r  ind ica t e s  t he  fo l lowing :  
1. I n  a s t e e p ,  h e l i c a l ,  c o o r d i n a t e d  t u r n  a t  high normal  load factor  and 
l a rge  ang le s  o f  a t t ack  and s i d e s l i p ,  
markedly from the tilt of  the normal  
f a c t o r  c a n  d i f f e r  s u b s t a n t i a l l y  from 
cal  body a x i s  w i t h  t h e  o r i g i n  a t  t h e  
t h e  b a n k  a n g l e  o f  t h e  a i r c r a f t  c a n  d i f f e r  
load  factor .   Likewise,   the   normal   oad 
the  acce le romete r  s igna l  a long  the  verti- 
c e n t e r  of g r a v i t y  of t h e  a i r c r a f t .  
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2. S i d e s l i p  h a s  a s t r o n g  i n f l u e n c e  o n  t h e  r o l l  rate and t h e  p i t c h  a t t i -  
tude  o f  t he  he l i cop te r .  It the re fo re  exe r t s  i n f luence  on  the  pe r fo rmance  as 
w e l l  as t h e  h a n d l i n g  q u a l i t i e s  o f  t h e  h e l i c o p t e r .  
3. The p i t c h  rate o f  t h e  h e l i c o p t e r  is dependent  on the turn parameters  
and s i d e s l i p ;  i t  i s  independent  of  angle  of  a t tack .  The presence  of  s ides l ip  
r educes  the  p i t ch  rate, thereby  reducing  the  s ta l l  a l l e v i a t i o n  e f f e c t  on the 
main ro to r  sys t em.  Al so ,  fo r  t he  same load  f ac to r  and  speed  o f  f l i gh t ,  an  
i n c r e a s e  i n  f l i g h t p a t h  a n g l e  r e s u l t s  i n  a n  i n c r e a s e d  p i t c h  rate and augments 
t h e  s ta l l  a l l e v i a t i o n .  
4 .  Important symmetrical p r o p e r t i e s  e x i s t  f o r  t h e  a n g u l a r  rates and t h e  
p i t c h  and r o l l  a t t i t u d e s  w i t h  r e s p e c t  t o  t h e  d i r e c t i o n  o f  t u r n ,  y, "1, and BI. 
These  propert ies   fur ther   s implify  analysis   and  computat ion.  They are summar- 
i z e d  i n  t a b l e  3 .  
In  the  p re sence  o f  a s t eady ,  ho r i zon ta l  wind t h e r e  no l o n g e r  e x i s t s  a 
coord ina ted   tu rn   wi th   s teady   (cons tan t )   f l igh t   parameters .  A l l  o f  t he  pe r t i -  
nen t   va r i ab le s   o f   t he   mo t ion ,  i . e . ,  0 ,  0 ;  p,  q ,  r; a ,  B (or  a1  and BI) and 
t h e  c o n t r o l  v a r i a b l e s  6,,  6 , 6,, 6p (e .g . )  w i l l  change  with  the  heading  of 
t h e  a i r c r a f t  f o r  a s p e c i f i c  t u r n ,  c h a r a c t e r i z e d  by t h e  f o u r  t u r n  parameters 
descr ibed earlier i n  t h e  r e p o r t .  
Ames Research Center 
National Aeronautics and Space Administration 
M o f f e t t  F i e l d ,  C a l i f . ,  94035,  January  1981 
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APPENDIX 
AIRCRAFT ANGULAR RATES I N  COORDINATED LEVEL TURNS AND 
COORDINATED TURNS WITHOUT SIDESLIP 
I n  t h i s  a p p e n d i x  f o r m u l a s  f o r  a i r c r a f t  a n g u l a r  rates f o r  the two s p e c i a l  
f l i g h t  c o n d i t i o n s  t h a t  were examined a t  some l e n g t h  i n  t h e  text, namely, 
(a) coordinated level turns  and  (b) coord ina ted  turns  tha t  have  no s i d e s l i p ,  
w i l l  be  der ived.  It w i l l  a l s o  b e  shown h e r e  t h a t ,  u n d e r  these spec ia l  cond i -  
t i o n s ,  t h e  f o r m u l a s  c a n  b e  o b t a i n e d  i n  a more d i r e c t  manner. 
Coordinated Level Turns 
The angular  rates can  r ead i ly  be  ob ta ined  by  subs t i t u t ing  equa t ion  (25) 
in to   equat ions   (18) ,   (19) ,   and  (20), as follows: 
p = -Y(sin $1 cos  a s i n  B, + cos  $1 s i n  a I 
q = Y s i n   c o s  8, 
r = -Y(sin $1 s i n  a s i n  - cos  $1 cos  a ) I I I 
Equat ion (Al)  can also be obtained in  a d i f f e r e n t ,  b u t  more d i r e c t  way. 
From equation  (8b) w e  obse rve   t ha t  when y = 0 o r  61 = 0 ,  o r  y =+@I = 0 ,  
then  n - nT,   which   ind ica tes   tha t  n = 0 and t h a t   h e r e f o r e  nT and -n 
coincide.  Thus, i t  follows t h a t   t h e   d i r e c t i o n s  of VI, nT,  and 3w (which is 
perpendicular  to  both  VI and  ZT)  form t h e  s t a b i l i t y  a x e s  s y s t e m  (-%, yw, 
- zw) .  Th i s  p rope r ty  fo r  t hese  spec ia l  cases can now be used to  obtain (Al)  
d i r e c t l y  from ( 2 9 )  t h r o u g h   r o t a t i o n s   i n  BI and a ~ .  For y = 0, w e  have 
+ 
zw- YW + +  =W 
0: cos B, -cos a s i n  B, I I 0 
s i n  B I cos B I -si: a]t s i n  $1) (A2) 
a cos B, - s in  a s i n  B I I I cos  a Y cos  $1 I 
which i s  indeed  iden t i ca l  t o  (Al ) .  
Coordinated Turns Without Sideslip 
Under t h i s  c o n d i t i o n ,  p i t c h  rate is given by equat ion (27) .  By v i r t u e  
of equations (18), (19), and ( 2 0 ) ,  the  angular  rates can  be  shown t o  b e  
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l l l l l l l l l l l I l I l  
p = -Y(cos a s i n  y 
q = Y s i n  $1 cos  y 
I 
r = -"(sin a I 
A s  i n  t h e  case of  coordinated,  









+ cos $1 s i n  aI cos  y) 
- cos  (I1 cos  a cos  y) I 
t u rns ,  equa t ion  (A3) can  a l so  be  ob ta ined  
-Y s i n  y a]k s i n  $1 cos y ) 
cos  a Y cos  $1 cos  y I 
It should be emphasized that  except  for  these two s p e c i a l  cases t h e  angu- 
lar  rates i n  t h e  body axes system cannot be obtained directly from (29).  
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TABLE 1.- EQUATIONS GOVERNING A COORDINATED HELICAL TURN 
Steady-s ta te  Euler  equat ions :  
n - s i n  e - t an   $ , ( s in  c1 cos B cos 8 s i n  $ - s i n  B cos 0 cos $) = 0 
n = O  
X I I I 
Y I 
n + cos e cos 4 + t a n  + l ( s i n  B s i n  e + cos c1 cos B, cos e s i n  $1 = o 1 
2 I  I 
Kinematic  re la t ionship:  
s i n  $ = tan  $ , (cos  c1 cos $ + s i n  c1 t an  8 )cos  6, 
s i n  y = cos a cos B, s i n  e - ( s i n  B s i n  $ + s i n  c1 cos B cos   +)cos  8 I I I  I 
I I 
p = -6 s i n  e' 
q = $ cos e s i n  $ 
r = $ cos e cos 4 
where 
+VI 1 
t a n  $1 = - = 2 - 
g cos g 
(n2 - 1)lI2 , + r i g h t   u r n ;  - l e f t   t u r n .  
TABLE 2.- ALGORITHMS  FOR A/C ANGULAR RATES AND EULER  ANGLES I N  A 
COORDINATED HELICAL TURN 
Given: 
T h e n  : 
q 1 0  
9 
tan cos B 
r’ = ; p l =  - j, s i n  y 
I cos B - tan BI I 
p = p’ cos c1 - r’ s in  a I I 
r = p’  s i n  c1 + r’ cos a I I 
24 
TABLE 3.- SUMMARY OF SYMMETRICAL  PROPERTIES 
OF AIRCRAFT ANGULAR RATES,  ATTITUDES AND 
n-PARAMETERS (AT nTy VI> 
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NORMAL LOAD FACTOR, g 
Figure 1.- Bank angle normal load factor relationships. (From ref. 5) 
VECTOR "w 
WIND  VECTOR 
Figure 2.- Air-mass referenced and  earth-referenced  flight parameters 
( B  = Br = 0 ) .  
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- CY = -15" TO 15" a =  15" 
/3 = -15",  15" \ 
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-CY= -15" TO 15" a = -15" 
f3= -15",  15" """ L" 
1.8 I I I I J I I 
-15  -10 -5 0 5  10 15 -15  -10 -5 0 5  10  15 
a, deg f i t  deg 
F i g u r e  3 . -  C o m p a r i s o n  o f  t h e  v a l u e s  o f  t h e  f o u r  l o a d  f a c t o r s  i n  s t e a d y  
c o o r d i n a t e d   r i g h t   t u r n s .  V = 60 k n o t s ;  nT = 2 g .  
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F i g u r e  4.- Relat ionship between -nz and nT. 
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Figure 6.-  I n h e r e n t  s i d e s l i p  i n  s t e a d y  w i n g - l e v e l  s t r a i g h t  f l i g h t .  
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Figure 7 . -  Turn radius  and turn ra te  i n  s t e a d y  h e l i c a l  t u r n s .  
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Figure  8.- T i m e  requi red  to  comple te  180" tu rn .  
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Figure 9.- Effect of c1 and B on  angular  rates  in  steady  coordinated  right 
turns. V = 60 knots; nT = 2 g. 
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Figure 10.-  E f f e c t  of a and f3 o n  t h e  a i r c r a f t  a t t i t u d e  i n  s t e a d y _ c o o r d i n a t e d  
r i g h t  t u r n s ;  nT = 2 g. 
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a x i s  i s  f i r s t  d e v e l o p e d .  A p r e c i s e   a n d   r a t i o n a l   d e f i n i t i o n   f o r   t h e   l o a d   f a c t o r   p a r a m e t e r   t h a t  
b e s t   c h a r a c t e r i z e s  a c o o r d i n a t e d   t u r n  is p r o p o s e d .   F o r m u l a s   a r e   t h e n   d e v e l o p e d   w h i c h   r e l a t e   t h e  
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p r i m a r y  i n t e r e s t  i n  t h i s  s t u d y .  T h e  r e s u l t s  show t h a t  t h e  b a n k  a n g l e  o f  t h e  a i r c r a f t  c a n  d i f f e r  
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